Density of Zeros on the Lee-Yang Circle Obtained from Magnetization Data of a Two-Dimensional Ising Ferromagnet
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(Received 7 August 1998) In order to provide experimental access to the statistical theory of Lee and Yang [Phys. Rev. 87, 410 (1952) ] the density function g͑u͒ of zeros on the Lee-Yang circle has been determined for the first time by analyzing isothermal magnetization data m͑H͒ of the Ising ferromagnet FeCl 2 in axial magnetic fields H at temperatures 34 # T # 99 K. The validity of our approach is demonstrated by the perfect agreement of magnetic specific heat data as calculated from g͑u͒ and m͑H͒ via Maxwell's relation. Moreover, the correct in-plane exchange constant of FeCl 2 emerges from the series expansion of m͑H͒ involved in the analysis. In 1952 Lee and Yang (LY) [1] pointed out that the distribution of the zeros of the partition function Z of an Ising ferromagnet reveals a remarkable symmetry in the complex fugacity plane. By virtue of their famous theorem they proved that in the case of an Ising ferromagnet, the zeros of Z are distributed on the unit circle z exp͑iu͒ in the complex z exp͑22gSm B m 0 H͞k B T ͒ plane, where gSm B is the magnetic moment with Bohr's magneton m B , the spin quantum number S, and the Landé factor g, while H is the complex magnetic field, and T is the temperature. They conjectured that this symmetry has a simple and far reaching basis, which, however, still has to be discovered.
Up to now, little progress has been made within this fundamental field of statistical physics. Although it has been shown that the LY theorem is applicable to much wider classes of model systems [2, 3] , little is known about the distribution function g͑u͒ itself, which completely determines the thermodynamic behavior of the system. In particular, g͑u͒ has always been thought to be a purely theoretical quantity which is not accessible by experimental investigations. However, it is the aim of this Letter to demonstrate for the first time that g͑u͒ can be extracted from isothermal magnetization curves m vs H of Ising ferromagnets, provided that they are measured with high enough accuracy using, e.g., modern superconducting quantum interference device (SQUID) techniques.
From the theoretical point of view, there are two approaches to investigate g͑u͒. On the one hand, there are straightforward solutions of Z͑z͒ 0 for dimensions D $ 2 which are, however, restricted to systems of a few interacting spins only [4] [5] [6] [7] . On the other hand, the basic relation [1] ,
which correlates the normalized magnetization I m͞m s and g͑u͒, is used in order to approximate g͑u͒ from corresponding approximations of I͑z͒. Here m and m s denote the magnetic moment and its saturation value. The coefficients of the high field series expansion
directly determine the coefficients g n ͑2͞p͒ R p 0 g͑u͒ 3 cos͑nu͒ du, n $ 1, of the Fourier cosine series of g͑u͒ [8] . Unfortunately, the poor convergence of the series (2) requires a huge number of expansion coefficients in order to satisfactorily represent g͑u͒. However, Kortman and Griffiths [10] pointed out that g͑u͒ may also be constructed, e.g., from quickly converging Padé approximants of I͑z͒ when using the relation,
This equation is easily verified by substitution of z r exp͑iu͒ into Eq. (2). As will be shown below, this ansatz turns out to be particularly useful for analyzing experimental data. Based on high field series expansions of I͑z͒ [11] , Kortman and Griffiths computed the corresponding Padé approximants and calculated g͑u͒ for Ising ferromagnets on a 2D square and a 3D diamond lattice for T fi T c . In addition they investigated g͑u͒ for the mean-field model and the linear chain. Their solution of the latter problem was in good agreement with the rigorous analytical expression obtained previously by Lee and Yang [1] . In analogy to the procedure introduced by Kortman and Griffiths [10] , we have determined g͑u͒ from experimental data m vs H by using, again, Eq. (3). To this end, the data sets are normalized with respect to the low temperature and high field saturation value m s of the magnetic moment and subsequently best fitted to empirical functions of the type,
with appropriate parameters n 1 , d 1 , and d 2 . The fitting functions take into account the limiting cases f͑z 1͒ 0
and f͑z 0͒ 1 of the normalized magnetization at T . T c in zero and infinite magnetic field, respectively. Once the fitting parameters of such an empirical Padé-type approximant are determined, g͑u͒ can be calculated by replacing I͑z͒ in Eq. (3) by the ansatz function (4). One readily obtains
In the first step, we have tested the above procedure on numerical data sets of the isothermal magnetization in the case of the linear chain and the mean-field model. The density functions, Eq. (5), emerging from the best fits agree with previous results apart from roundings of the pole occurring for the linear chain and of the steplike change at the upper bound of the gap encountered in the mean-field case [10] . In particular, g͑u͒ inherently fulfills the condition [12] ,
In order to test Eq. (5) on real experimental data we have measured the isothermal axial magnetic moment m of the layered antiferromagnet FeCl 2 , which behaves as a quasi-2D triangular Ising ferromagnet at temperatures well above the 3D ordering temperature, T N 23.7 K [13, 14] . The experiments are carried out on an as-cleft c platelet with thickness t 0.5 mm and area A 18 mm 2 by use of a SQUID magnetometer (Quantum Design MPMS-5S) at temperatures 34 # T # 99 K. The saturation moment, m s ഠ 4 kA m 2 , is deduced from the high field limit of the m vs H data at T 4.5 K (Fig. 1, dashed line) . At this temperature, FeCl 2 behaves as a prototypical metamagnet switching from long-range antiferromagnetic into saturated paramagnetic order at H ഠ 0.8 MA͞m. Note that all data have been corrected for demagnetization ef- fects using H H a 2 Nm, where H a is the applied axial magnetic field. N is the demagnetizing factor, which is calculated according to N ͑dm͞dH a ͒ 21 ഠ const for 0. 8 , H a , 1.3 MA͞m, within the coexistence region of the antiferromagnetic and paramagnetic phases [15] . Figure 1 shows the normalized isothermal magnetic moment m͞m s vs H of FeCl 2 [13, 14] Figure 2 shows the density functions, g͑u͒ which correspond to the magnetization data obtained at T 49, . . . , 53 K (curves 1-5) and T 99 K (curve 6). They have been calculated via Eq. (5) inserting the fitting parameters n 1 , d 1 , and d 2 obtained from Eq. (4) and summarized in Table I . The Landé-factor g 4.1 [16] enters z and, hence, Eq. (4), as a fixed parameter. Since the zeros of the partition function of a noninteracting system accumulate at z 21, its density function is given by g͑u͒ d͑u 2 p͒. The pronounced peak of g͑u, T 99 K͒ at u p (Fig. 2, curve 6 ) is, hence, in accordance with the limit of weak interaction. With decreasing temperature the maximum value of g͑u͒ decreases, while its position shifts towards lower u-values. For example, at T 51 K (curve 3), g͑u͒ is nearly zero for 0 , u ծ 0.8, but exhibits a steep increase with increasing u, which yields a maximum of dg͞du at u 1.5. Fig. 1 ; J͞k B 2͑T ͞12͒ ln͓͑d 1 2 n 1 ͒͞2͔; and quality parameter x 2 , which measures the sum of the squares of the deviations of Eq. (4) from the respective data points normalized to the degrees of freedom. The pronounced peak at u 1.8 is followed by a smooth decay into the constant value g͑u p͒ 0.19. This behavior bears similarity with the u-dependence of the density function of the square lattice, which was theoretically determined at T 6T c [10] . The observed steep increase of g͑u͒ indicates the upper bound of the gap, g͑u͒ 0 for 0 , u , u g , while the pronounced peak in curve 3 reflects the smeared singularity at u u g . This smearing originates from the truncation of the Padé-type expansion used in Eq. (4). This was clearly evidenced in the case of the linear chain, whose exactly known [10] singularity becomes rounded within our approach (see above). In addition, however, one has to take into account the dependence of m͑H͒ on the details of the lattice structure. Hence, one might also expect qualitative differences between the underlying density functions of the square and the triangular lattice. Tentatively, this might be at the origin of the discrepancy between the steep decay of g͑u ! p͒ in the case of the square lattice [10] and its virtual absence in the case of the triangular lattice (Fig. 2) . The validity of our procedure yielding the density function, g͑u͒, from experimental magnetization data, m͑H͒, is determined by a comparison of the magnetic specific heat, c͑H͒, as deduced from either g͑u͒ or m͑H͒. Both results are shown in Fig. 3 by the functions c͑H͒ and Dc͑H͒, respectively.
The function Dc ͓c͑H͒ 2 c͑H 0͔͒͞m s is calculated from the fitting results shown in Fig. 1 [inset (a) -(e)] according to
Equation (7) is derived from Maxwell's relation ≠M͞≠T ≠S͞≠H [17, 18] . The second order derivative which enters the integral is approximately given by ≠ 2 m͞≠T 2 ͑1͞12͒ ͓2m͑T 49 K͒ 1 16m͑50 K͒ 2 30m͑51 K͒ 1 16m͑52 K͒ 2 m͑53 K͔͒K 22 [9] . The alternative method to obtain c͑H͒ utilizes the density function g͑u͒ in conjunction with the magnetic free-energy function [1] ,
where N m s ͞gm B S is the number of spins. By inserting the g͑u͒ functions shown in Fig. 2 and the respective z͑T , H͒ values one obtains F vs H curves, which are displayed in Fig. 4 for T 49, 50, 51, 52, and 53 K (curves 1-5, respectively). From these functions the magnetic entropy, s, and the specific heat, c, is calculated by numerical derivation as shown for T 51 K in Fig. 4 (inset) and Fig. 3 (open circles), respectively. It is seen that, apart from small deviations which originate from errors of the numerical integration, both curves Dc͑H͒ and c͑H͒ yield identical results, where c͑H 0͒ 2Dc͑H !`͒ as expected.
Since the curvature of m͞m s vs H is weak in the available field range of the magnetometer, the extrapolation of the fitting results into the high field regime is risky and has to be checked separately. Therefore we calculate the leading term of the high field series of f͑z͒, Eq. (4) which reads f͑z͒ 1 2 ͑d 1 2 n 1 ͒z 1 O͓z 2 ͔. Comparison with the theoretical expansion of the magnetization of the 2D Ising ferromagnet on a triangular lattice [11] yields u 3 ͑1͞2͒ ͑d 1 2 n 1 ͒, where u is given by u exp͑24J͞k B T ͒. Hence, the ferromagnetic nearest neighbor in-plane exchange constant of FeCl 2 is related to the fitting parameters n 1 and d 1 according to J͞k B 2͑T ͞12͒ ln͓͑d 1 2 n 1 ͒͞2͔. The average value of the exchange constant yields J͞k B 3.7 K for 34 # T # 53 K. Within an error of ഠ6% this is in accordance with the value J͞k B 3.94 K which has been determined from magnon dispersion data of inelastic neutron scattering investigations on FeCl 2 [14] . Disappointingly, the value from the data at T 99 K, J͞k B 0.339, deviates from the experimental one by 1 order of magnitude. Presumably this is due to the finite value of the single-ion anisotropy of FeCl 2 [14] , which violates the condition of Ising-type symmetry at high temperatures.
In conclusion, it has been shown for the first time, that the LY-zero density can be determined experimentally with high accuracy from the field dependence of the isothermal magnetization data, m͑H͒, of a quasi-2D Ising ferromagnet. In accordance with theoretical predictions [1] and model calculations [1] [2] [3] [4] [5] [6] [7] 10 ] g͑u͒ exhibits a gap in the low-u region, which shrinks upon lowering the temperature towards the phase transition instability. The resulting density functions are used to calculate the field dependencies of the magnetic free energy, the entropy, and the specific heat. The latter quantity is alternatively calculated from m͑H͒ by utilizing Maxwell's relation. The results of both methods are in nearly perfect agreement.
It will be interesting to perform high field magnetization measurements in the regime of strong curvature of the m vs H dependencies. These data will require Padé-type approximants, which contain relevant additional free parameters. Such higher order approximants are expected to reduce the smearing of possible singularities and steps contained in the density functions. Furthermore, investigations on Ising ferromagnets in other dimensions, D 1 and 3, seem desirable in order to reveal pertinent differences [1] with the D 2 case considered in this Letter. Finally, it will be a challenging future task to determine the ill-known symmetries of the zero distribution in the case of antiferromagnetic systems [5, 7] in a similar way as has been done here on Ising ferromagnets.
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